Investigating the dynamic behavior of circular plate resting on elastic foundations are very important in designing of structural systems. This study examines the free vibration analysis of circular plates resting on Winkler and Pasternak foundations. The governing nonlinear partial differential equation is solved using Galerkin of weighted residual method. The surface radial and circumferential stresses are determined. However, the accuracy and reliability of the approximate solutions obtained are demonstrated by comparing the obtained results with available experimental results reported in the literature. Also, it is observed that very accurate and converged results can be obtained with few computations. Issues relating to singularity of circular plate governing equation are handled very well. The analytical solutions obtained are used for examining the effect of elastic foundations on the dynamic behaviour of the circular plate, effect of radial and circumferential stress on mode shapes of the circular plate. From the results, it is observed that, increasing the elastic foundation parameter increases the natural frequency. Extrema modal displacement occurs due to radial and circumferential stress. It is hoped that, the present study will contribute to the existing knowledge of classical theory of vibration.
INTRODUCTION
Plate is an important part of structural system in civil, mechanical, naval, marine and aeronautic engineering. However, with wide application of plate in engineering, investigating the dynamic behavior of plate is very important. Many engineering problems like railway, structural foundations and storage tank foundation requires information on dynamic behavior of plate embedded on foundation before proceeding on the design. The easiest form of modelling mechanical behavior of soil foundation interaction is by Winkler foundation. Winkler foundation suffers the setback of non-interaction between the lateral spring thereby resulting into unreliable results. Two-parameter elastic foundations are developed to account for this interaction. Adoption of two-parameter elastic foundations provides a true account of soil foundation interaction. In the study of vibration of plate immersed in fluid, Amabili. [1] applied exact method of solution. In another work, Civalek [2, 3] investigated large deflection of circular plate on elastic foundation using numerical method. In another study, Gupta et al. [4] analyzed the vibration and buckling of circular plate embedded on Winkler foundation. On application of semi-analytical method, Ghannadi et al. [5] used indirect Trefftz method to analyze free vibration of circular plate. Earlier studies show that, inherent singularity issue and non-trivial solution of circular plate is not easy to handle. Numerical method is a reliable method of solution for handling governing equation of related challenges but, the convergence studies, volume of iterations and stability studies associated with numerical increases the computation time and cost. Meanwhile, exact method of solution suffers from setback of handling nonlinear problem coupled with sound knowledge of mathematics that is required. Therefore, attempt to obtain symbolic solution for dynamic behavior of circular plate resting on Winkler and Pasternak foundations, Ganji et al. [6] investigated the deflection of circular plate under load using Homotopy perturbation method (HPM). In a later study, Yun et al. [7] also, used HPM to analyze the deflection of large circular plate. In another study, Yalcin et al. [8] adopted differential transform method (DTM) for free vibration of circular plate. Also, Kamil et al. [9] investigated free vibration of porous functional graded material using differential transform method (DTM). DTM is equally very versatile method, good in handling singularity and non-trivial differential system of equation but, requires the need to manipulate the governing equation before the singularity problem is resolved and subsequently, involve transforming the governing equation to algebraic form. The volumes of iterations in DTM are very cumbersome compared to Galerkin of weighted residual. Meanwhile, HPM also suffers the setback of finding the embedded parameter and initial approximation of the governing equation that satisfies the given conditions. Nonetheless, several research on free vibration of circular plate using different methods have been presented in literature [10] [11] [12] . Moreover, the reliability and flexibility of Galerkin weighted residual [13] has made it more effective than any other seminumerical methods. The method is much simpler than any other approximating method of solutions. Galerkin of weighted residual handles circular plate vibration problem without any manipulation of governing equation with very precise results compared to experimental with few iterations. Previous studies show that, dynamic analysis of circular plate on Winkler and Pasternak foundation has not been investigated using Galerkin of weighted residual. Therefore, the present study focuses on application of Galerkin of weighted residual for dynamic analysis of circular plate resting on Winkler and Pasternak foundations. Novelty of the present study also includes, resolving the singularities problem associated with circular plate without modifying the governing equation. The analytical solutions obtained are used for the parametric study. Figure 1 is considered under various boundary conditions simply supported, free and clamped edge conditions. According to Kirchhoff plate theory the following assumptions are considered in the model of governing equation.  Plate thickness is smaller compared to the dimension of the circular plate.  Normal stress is assumed negligible in transvers direction of the circular plate.  Rotary inertia effect is negligible.  Normal to the undeformed middle surface remain straight and normal to the deformed middle surface without length stretching. The differential governing equation of circular plate as shown in Figure1 may be written as [12] ,[16]
PROBLEM FORMULATION AND MATHEMATICAL ANALYSIS Circular plate of uniform thickness and homogenous material resting on Winkler and Pasternak foundation in
For free vibration equation, the solution be presented in this form based on Kantorovich-type approximation ( , , ) ( , ) i t w r t w r e ω θ θ = 
(2) Assumed deflection of the plate:
Presenting the solution in a more general form, the following dimensionless parameters are used: 
 Boundary Conditions
The boundary conditions considered as earlier stated are simply support, clamped and free edge conditions. The dimensionless form of the boundary conditions may be presented in terms of the deflection ( ) f r as follows [14] # Clamped 
Bending moment is represented as r M the radial shear force per unit length is represented as r V while m is an integer. As generally accepted, a nth-order differential equation requires n-number of boundary condition. Since the dimensionless Eq. (4) is a fourth-order governing equation then, four boundary conditions is expected for resolving the equation. Two of the conditions may be obtained from the external condition of the plate while the rest two is obtained from the condition at the center of the plate. The regularity conditions at the center are given as: 
3. METHOD OF SOLUTION: PRINCIPLE OF GALERKIN WEIGHTED RESIDUAL Galerkin method was first proposed by Walther Ritz but was credited to Soviet Engineer called Boris Galerkin [13] . The method is used for handling differential equations. The approximate solutions of the differential equations are presumed to be thoroughly approximated by a finite sum of test functions. However, the chosen method of weighted residuals are used to obtain the coefficients value of each resulting test function i ϕ . The corresponding coefficients are made to reduce the error between the linear combination of test functions, and actual solution, in a chosen standard. The technique is a reliable estimated solution capable of solving series of problems that eliminate the search for vibrational formulation.
Assuming the governing equation to be
Putting Eq. (10) into (9) gives
The concept requires the determination of 1 2 , , , n a a a  that satisfy,
Where the function ( ) i w r and n are arbitrary weighting function which are found through either, Galerkin of weighted residual, collocation, sub-domain, or least square method. For the purpose of this study Galerkin approach is adopted. For the sake of brevity, symmetric case regularity condition and simply supported edge condition is presented here while the same approach is used to determine the other conditions treated in this study. The choice of the polynomial solution is based on the highest order of the derivative of the governing equation. This is a fourth-order derivative equation so; the chosen polynomial is of the order five. Assume a polynomial solution for order four differential equation
cr dr er gr F r a br = + + + + +
Applying the boundary conditions at
Where values of flexural rigidity D and Poisson's ν ratio given in Table 1 
Validating the analytical solutions requires setting the controlling parameters as zero. The resulting simultaneous equation obtained may be written in this form (25) may be written in matrix form as
The following Characteristic determinant is obtained applying the non-trivial condition 11 12  The stress-deflection expression is [11] To determine the radial and circumferential stress for the circular plate, the following dimensionless expression may be used ( ) 
where E is the Young modulus of the circular plate, ν is the poisons ratio and z is the mid-plane of the plate.
 Nonlinear natural frequency Applying Galerkin decomposition method to separate the temporal and spatial part of the displacement function of Eq.
.
( , )
Where the generalized coordinate of the system is ( ) u t and the trial function that satisfy the natural boundary condition and geometric is ( ) r φ .
Applying one-parameter Galerkin solution on Eq. (4). Alternatively, polynomial function of the form Eq. (43) can be applied for this type of support system. 
Alternatively, polynomial function of the form Eq. (46) can be applied for this type of support system. To validate the analytical solution of free vibration of circular plate resting on Winkler and Pasternak foundations using Galerkin method of weighted residual, application is made to the numeric data stated above given by [16] . Galerkin method of weighted residual determined the natural frequency in dimensionless form. However ,the accuracy of the analytical solutions obtained are compared with results as reported in literature [17] and confirm in good agreement along the entire values under different boundary conditions and presented in Table 1 and 2. Since dimensionless value of the natural frequency Ω is obtained in the analysis, the results are valid for all thickness to radius ratio. Also the parametric studies of the controlling factors are presented in both tabular and graphical form. The iterations of the Galerkin method of weighted residual is a determinant of order of the assumed polynomial chosen. In this study, fifth order polynomial is chosen for fourth order governing differential equation. The analytical solutions obtained though is limited to first two natural frequencies but, its good enough to predict the behaviour of the plate and the results are observed similar to results reported in literature [17] . Moreso, when the same analytical solutions are compared to results reported in literature [8] which is obtained using another semi-analytical method DTM, for the fundamental natural frequency DTM requires ten iterations while for fifth order assumed polynomial chosen here, first two natural frequencies already obtained and converged. It is also observed that, to obtain higher node of natural frequencies there is need to increase the order of the assumed polynomial choosen at the beginning of the analysis. Results shown in Table 1 and 2 illustrates the fundamental natural frequencies obtained which gives a reasonable prediction of the circular plate behaviour with minimal iterations. Tables 1 and 2 also shows comparisons of results for symmetric and axisymmetric case of the present study with reported work in literature review. There is good agreement between the present study and the results reported [17], Hence, it can be concluded that the present procedure is very effective. the elastic medium stiffness, the shear stiffness make the uniform circular plate stronger/stiffer and vibrates at higher natural frequency. Although, it a known character of plate to be affected by characteristic of elastic foundation. Moreover, it is also observed that, effect of the difference in natural frequencies is more significant for higher mode of the circular plate. By comparing the results in Table 3 and 4 with Table 1 and 2, one observed that, analytical solutions obtained with Galerkin method of weighted residual increases with increasing the elastic foundation parameters. Furthermore, the effect of foundation is lesser in lower modes. Same effect are observed under Pasternak foundation and when the plate is resting on combined Winkler and Pasternak foundations.  Mode shapes The mode shape for the dimensionless natural frequencies are shown in Figures 5-10 respectively. It is important to note that, the mode shape obey the classical theory of vibration. According to [15] , for transient stress investigation, the response is normally based on modal superposition principle and the modal stress which to certain level will expose the characteristics and content of the whole response of the plate. Based on that, study of the non-dimension radial and circumferential stress is determined using Eq. (33) and results illustrated in Figures 11-14 . For radial and circumferential stresses, Figures 11-14 shows that the location of the vibrating node and antinodes are in-away different. The phenomenon is due to the vanishing mode of the boundary condition. it is clearly shown that, the location of node and antinodes of the vibrating plate changes. Figures15-18 illustrates the relationship between ratio of natural frequency to the amplitude. It is observed that, nonlinear frequency is a function of amplitude. The more the amplitude the more the significance in variation between the nonlinear to linear natural frequency. Furthermore, Figure15 shows the influence of boundary conditions considered on the frequency ratio, it is shown that frequency ratio is higher in simply supported condition than clamped support. This is due to higher stiffness of circular plate in clamped than simply supported condition. It is observed that, as the nonlinear foundation increases, the nonlinear vibration frequency ratio increases. According to [15] , this is a case of hardening nonlinearity. Figure17 illustrates the influence of shear Pasternak foundation on nonlinear amplitude-frequency response curve. It is observed that, as shear Pasternak foundation increases, the nonlinear vibration foundation ratio decreases. This is a case of softening nonlinearity. Figure18 reveals that Winkler and Pasternak foundations have significant effect on nonlinearity of the circular plates therefore, the paramount is important in controlling the nonlinearity of circular plates. 6. CONCLUSIONS In this study, free vibration of circular plate resting on Winkler and Pasternak foundations using Galerkin of weighted residual method is investigated. From the parametric studies, it was established that  The natural frequency of circular plate increases with increase in elastic Winkler foundation Parameter.  The natural frequency of circular plate increases with increase in elastic Pasternak foundation Parameter.  Extreme modal displacement occurs on the plate due to radial and circumferential stresses. The present study emphasis the effect of elastic foundation and fluid on dynamic behaviour of thin circular plate. Also, singularities issue of circular plate is handle with ease using Galerkin of weighted residual. It is expected that the present study will contribute to the understanding of the study of dynamic behaviour of circular plate under various parameters. Acknowledgments The author expresses sincere appreciation to the University of Lagos, Nigeria, for providing material supports and good environment for this work. The data used to support the findings of this study are available from the corresponding author upon request. 
